Abstract: Characteristically, most fluids are not linear in their natural deeds and therefore fractional order models are very appropriate to handle these kinds of marvels. In this article, we studied the base solvents of water and ethylene glycol for the stable dispersion of graphene oxide to prepare graphene oxide-water (GO-W) and graphene oxide-ethylene glycol (GO-EG) nanofluids. The stable dispersion of the graphene oxide in the water and ethylene glycol was taken from the experimental results. The combined efforts of the classical and fractional order models were imposed and compared under the effect of the Marangoni convection. The numerical method for the non-integer derivative that was used in this research is known as a predictor corrector technique of the Adams-Bashforth-Moulton method or shortly . The impact of the modeled parameters were analyzed and compared for both GO-W and GO-EG nanofluids. The diverse effects of the parameters were observed through a fractional model rather than the traditional approach. Furthermore, it was observed that GO-EG nanofluids are more efficient due to their high thermal properties compared with GO-W nanofluids.
Introduction
Fractional order models are very useful in the study of nanofluids that contain small nanosized particles at the rate of small intervals rather than the traditional concept of integer order derivatives. A fractional order study has the credibility to explain the actual behavior of the physical parameters and is possible only in the case of the small intervals. The influences of the physical parameters in the classical models are limited and, in some cases, different from the fractional order models near the wall surface. Caputo [1] introduced the idea of fractional derivatives from the modified Darcy's law using nanofluids was conducted to investigate the impacts of the physical parameters. The physical and numerical outputs of the classical and fractional models were also compared and discussed. Sheikholeslami and Ganji [21] examined the Cu-H 2 O nanofluid flow under the impact of Marangoni convection. The numerical approach to find the solution of a different type of problem was previously discussed [22] [23] [24] [25] [26] [27] . The numerical scheme of Runge Kutta method of order 4 (RK-4) was used in their study to determine the impact of the physical parameters and numerical outputs.
The published work of Gul and Kiran [18] was extended by including the GO-EG nanofluid and a comparison of GO-EG and GO-W was made. Furthermore, integer and non-integer models h were compared under the effect of Marangoni convection. The fractional order differential equations were tackled numerically with the help of the Fractional Differential Equation-12 (FDE-12) technique [28] [29] [30] [31] [32] . A variety of numerical techniques are used to find the solutions of the classical models [33] and these techniques are further combined for the solutions of fractional order problems. Agarwal et al. [34] studied the neural network models using the GML synchronization and impulsive Caputo fractional differential equations. Morales-Delgado et al. [35] worked on the analytic solution for oxygen diffusion from capillaries to tissues involving external force effects using a fractional calculus approach. Khan et al. [36] researched the dynamics of the Zika virus with the Caputo fractional derivative. The physical configuration of the problem is shown in Figure 1 . numerical outputs of the classical and fractional models were also compared and discussed. Sheikholeslami and Ganji [21] examined the Cu-H2O nanofluid flow under the impact of Marangoni convection. The numerical approach to find the solution of a different type of problem was previously discussed [22] [23] [24] [25] [26] [27] . The numerical scheme of Runge Kutta method of order 4 (RK-4) was used in their study to determine the impact of the physical parameters and numerical outputs. The published work of Gul and Kiran [18] was extended by including the GO-EG nanofluid and a comparison of GO-EG and GO-W was made. Furthermore, integer and non-integer models h were compared under the effect of Marangoni convection. The fractional order differential equations were tackled numerically with the help of the Fractional Differential Equation-12 (FDE-12) technique [28] [29] [30] [31] [32] . A variety of numerical techniques are used to find the solutions of the classical models [33] and these techniques are further combined for the solutions of fractional order problems. Agarwal et al. [34] studied the neural network models using the GML synchronization and impulsive Caputo fractional differential equations. Morales-Delgado et al. [35] worked on the analytic solution for oxygen diffusion from capillaries to tissues involving external force effects using a fractional calculus approach. Khan et al. [36] researched the dynamics of the Zika virus with the Caputo fractional derivative. The physical configuration of the problem is shown in Figure 1 . 
Problem Formulation
The two-dimensional Marangoni boundary layer flow of GO-W and GO-EG nanofluids is considered. The magnetic field is functional to the flow pattern in the transverse direction. The interface temperature is vigilant as a function of x. Assume that both base solvents (water and EG) contain GO nanoplatelets that are present in the thermally stable stage and no slippage. The flow under observation can be put into the following plan for GO nanofluids [14] :
where Equation (1) is the continuity equation, Equation (2) is the momentum equation, and Equation (3) is the energy equation. Exposed boundary conditions are expressed as: 
where Equation (1) is the continuity equation, Equation (2) is the momentum equation, and Equation (3) is the energy equation. Exposed boundary conditions are expressed as:
The Marangoni conditions at the interface are revealed in Equation (4), taking the surface tension
, where γ stands for the surface tension temperature coefficient and σ represents the surface tension constant at the origin.
Also, u, v specify velocity components in the x-, y-directions. The interface and external flow of the temperature are represented by T, T ∞ respectively.
The effective ρ nf , µ nf , σ nf , k nf , (ρc p ) nf indicate the density, dynamic viscosity, electrical conductivity, thermal conductivity, and specific heat capacity of nanoplatelets, respectively, and are defined as:
where φ is the solid volume fraction and σ f , ρ f , (ρc p ) f are the electrical conductivity, density, and specific heat capacity of the base fluids, respectively.
The similarity transformations are considered as [14] :
Using the aforementioned assumption and condition, Equation (1) is verified identically, whereas Equations (2)- (4) are transformed in the following form:
where M, Pr, indicate the transformation of the magnetic parameter and Prandtl number, respectively, and are defined individually as:
The local Nusselt number Nu x is:
Preliminaries on the Caputo Fractional Derivatives
The basic definition and properties related to non-integer or fractional derivatives derived by Caputo are as follows.
Definition 1
The Caputo fractional derivative of order α of function f ∈ C n is given by:
3.2. Property 1
exist almost everywhere and let
exists almost everywhere and:
Property 2
The function f (t) ≡ c is constant and therefore the fractional derivative is zero: C b D α t c = 0. The general description of the fractional differential equation is assumed, including the Caputo concept:
with the initial conditions x 0 = x(t 0 ).
Solution Methodology
The variables were selected to alter Equations (7)- (9) into the system of the first order differential equations:
The variables selected in Equation (15) were used for the classical (integer) system and Equations (7)-(9) are settled as:
with initial conditions:
The first order ordinary differential equations system (15) is further transformed into the Caputo fractional order derivatives.
The FDE-12 technique was adopted for the fractional order differential equations. The final system and initial conditions are as follows:
Results and Discussions
The GO-W and GO-EG nanofluid flows under the effect of Marangoni convection were analyzed using the classical and fractional models for heat transfer applications. The impact of the physical parameters was obtained through the classical and fractional order models and compared. Moreover, the impact of the embedded parameters, comprising GO-W and GO-EG nanofluids, was compared, and it was observed that due to rich thermophysical properties the GO-EG nanofluid is a comparatively better heat transfer solvent.
In the following figures, an upward arrow shows an increasing effect while a downward arrow shows a decreasing effect.
The effect of the nanofluid volume fraction φ using the classical model versus the velocity profile f (η) for the GO-W and GO-EG nanofluids is depicted in Figure 2 . The rising values of φ lead to enhance the velocity field linearly in the classical model. Physically, the larger amount of nanoparticle volume fraction generates the friction force, and this force is more visible near the wall, reducing the flow motion. However, this impact is unclear in the classical model. The increase in the flow motion due to the rising values of φ indicates that the thermal efficiency of the nanofluid provides strength to the flow field. Moreover, this impact is comparatively high using the GO-EG nanofluids. The effect of the nanofluid volume fraction φ using the fractional model for the same values of φ is shown in Figure 3 . Near the wall surface the velocity field falls, because near the wall surface friction increases, which retards the velocity and increases after the critical point due to the reduction in friction. Physically, the larger nanoparticle volume fraction generates the friction force and this force is more visible near the wall, reducing the flow motion. This effect is clearer using the fractional model. The impact of the increasing values of φ versus the radial velocity field f (η) using the integer model is shown in Figure 4 . The same effect as discussed above was observed. The larger amount of φ increases the value of f (η) in the integer order model. The impact of the increasing values of φ versus the radial velocity field f (η) using the fractional model is shown in Figure 5 . The larger amount of φ reduces f (η) in the fractional order model near the wall surface and after the point of inflection the velocity enhances, as shown in Figure 5 . Figures 6 and 7 , respectively. This is due to the Lorentz force, which results in resistance to the transport phenomena. This retarding force controls the GO-W and GO-EG nanofluid velocities, which is useful in numerous industrial and engineering applications such as heat transferring, industrial cooling, and nanofluid coolant. Mathematically, the magnetic parameter represents the ratio of the magnetic induction to the viscous force. Moreover, GO-EG was found to show more dominant results than GO-W. The influence of the larger values of the magnetic parameter M versus the temperature profile Θ(η) for the integer order and fractional order problems is shown in Figures 6 and 7 , respectively. This is due to the Lorentz force, which results in resistance to the transport phenomena. This retarding force controls the GO-W and GO-EG nanofluid velocities, which is useful in numerous industrial and engineering applications such as heat transferring, industrial cooling, and nanofluid coolant. Mathematically, the magnetic parameter represents the ratio of the magnetic induction to the viscous force. Moreover, GO-EG was found to show more dominant results than GO-W. The impact of φ using the classical model and the fractional order model versus the temperature profile Θ(η) for the GO-W and GO-EG nanofluids is depicted in Figures 8 and 9 . The nanoparticle volume fraction φ is basically used as the heat transport agent parameter and its increase boosts up the temperature profile. In fact, the cohesive forces among the liquid molecules release with the increasing amount of φ and as a result the thermal boundary layer enhancement. This effect is comparatively efficient in GO-EG nanofluids due to their enriching thermophysical properties. The impact of the magnetic parameter M versus the Nusselt number Nu of integer and fraction order problems is displayed in Figures 10 and 11 , respectively. A higher value of the magnetic parameter enhances the temperature field and reduces the Nusselt number. This effect is slightly clearer using the fractional model for similar values of M , as shown in Figure 11 . We noticed that in the cases of GO-EG and GO-W the temperature distribution is dominant and almost completely closed. The impact of the magnetic parameter M versus the Nusselt number Nu of integer and fraction order problems is displayed in Figures 10 and 11 , respectively. A higher value of the magnetic parameter enhances the temperature field and reduces the Nusselt number. This effect is slightly clearer using the fractional model for similar values of M, as shown in Figure 11 . We noticed that in the cases of GO-EG and GO-W the temperature distribution is dominant and almost completely closed. Figure 12 . It was observed that the heat transfer and cooling efficiency of the GO-EG nanofluid is comparatively higher than the GO-W nanofluid. The Nusselt number increases near the wall surface and declines towards the free surface. The impact of the fractional order α = 1, 0.95, 0.90, 0.85 versus Nu for both sorts of nanofluids is depicted in Figure 12 . It was observed that the heat transfer and cooling efficiency of the GO-EG nanofluid is comparatively higher than the GO-W nanofluid. The Nusselt number increases near the wall surface and declines towards the free surface. The thermophysical properties of the two sorts of nanofluids (GO-W and GO-EG) were examined from the experimental results and are displayed in Table 1 . These properties of the base fluids were initially calculated at 25 C°. The thermophysical properties were examined at a different temperature level from 25 C° to 40 C°. The thermophysical properties of the two sorts of nanofluids (GO-W and GO-EG) were examined from the experimental results and are displayed in Table 1 . These properties of the base fluids were initially calculated at 25 • C. The thermophysical properties were examined at a different temperature level from 25 • C to 40 • C. The numerical outputs for the heat transfer rate using the fractional order problem are displayed in Table 2 . The fractional order α = 1, 0.95, 0.90, 0.85 enhances the heat transfer rate in increasing intervals and this effect is relatively high in the GO-W nanofluid. Table 2 . α = 1, 0.95, 0.90, 0.85 versus Nu, when φ = 0.2, Pr = 6.7, M = 0.5. 
Conclusions
The flow of the two types of nanofluids, GO-W and GO-EG, were analyzed for the augmentation of temperature. Numerical and theoretical analyses were carried out under the effect of Marangoni convection. The classical and fractional models were used to investigate the impact of the physical parameters for similar values of the constraint. It was observed that the outputs of the physical parameters over the velocity and temperature profiles in the classical model are limited, but in utilizing the fractional model the effect varies in each interval. The fractional order model specifies the outputs at the small number of intervals, leading to the accurate determination of the physical parameters, which is very necessary for industrial and engineering applications.
The main features of this study are as follows:
• The rising values of φ lead to the linear enhancement of the velocity field, which was observed more clearly in the non-integer case compared with the classical model.
•
The increasing values of the magnetic parameter increase the temperature field and decrease the Nusselt number. This effect is somewhat better in the fractional case compared to the integer model.
Due to the rising values of φ, the thermal boundary layer increases and this effect is somewhat better in the GO-EG nanofluid rather than the GO-W nanofluid.
The cooling efficiency and heat transfer of the GO-EG nanofluid is far better than that of the GO-W nanofluid.
With the Lorentz force, resistance arises in the transport phenomenon. This particular phenomenon controls the GO-W and GO-EG nanofluid velocities. Also, this effect is more visible in GO-EG than in GO-W.
Due to the fractional order α = 1, 0.95, 0.90, 0.85, the heat transfer rate enhances in growing increments and this effect is far better in the GO-W nanofluid compared with the GO-EG nanofluid.
Future Work
This mathematical model is extendable for future work considering gold nanoparticles, carbon nanotubes, porous media, variable viscosity, thermal radiation, and hall effects. The fractional ordered derivative scheme is also extendable using the Caputo-Fabrizio and Atangana-Baleanu operators. 
